Calculus 1

: university of
Final Exam — Solutions / groningen

October 28, 2025 (18:15—-20:15)

T a

1) Apply L'Hospital's Rule to evaluate the limit lim ¢ , where @ > 0. Indicate the

T—=a T — a
results (e.g. limit laws, continuity, differentiation rules) used in each step.

Solution. The limit is an indeterminate form of type “0/0". Thus we can directly apply
I'Hospital's Rule. We start by expressing the numerator as follows

which is valid as @ > 0. Let us now use |'Hospital’s Rule:

zlna 1

. e - l‘a I'H ,. . _
lim —~ = lim = lim(a® Ina — az® 1) =a*(lna —1).
z—a T — a z—a 1 T—a

etnaln q — qro—

Above we used the Chain Rule, the Difference Rule, the Basic Derivatives (¢*)" = e*, (z) = 1,
(¢) = 0, and the Generalized Power Rule (%)’ = az®~!. The last equality follows from the
continuity of the exponential and power functions and the Difference Law of Limits. Therefore

we have found that
a® — x°

lim

=a%(lna —1).
lim —— a*(Ina )

2) Use Taylor Series to find the limit lim (\6/3:6 + 25 — b — x5).
T—00

Solution. Recall that according to the Binomial Theorem, we have

<1+z)a:i a zk:ia(a—l)...'(a—kqtl)zk’ <1
k k!

k=0 k=0

Therefore the terms in the limit can be expressed as follows

Vab+a5 =avl+toT=a(l+2 ")/ = xi (1/6) (+x)7*

k
k=0

if | £ 27! = |z7!| < 1 or equivalently |z| > 1 holds. This is so as we take x — oco. Due to
absolute convergence (guaranteed by the Ratio Test) the series may be multiplied by x and
subtracted from one another term-by-term. This results in the following series

Vab + 2% — Vab — 25 = i (1/6) [1— (=1)F)z'F

k
k=0

Since [1 — (=1)¥] =0if k =2m is even and [l — (—1)*] = 2 if k = 2m + 1 is odd, the series
contains only the even powers of 1/x, that is

1/6 _ 1/6 B
6/,.6 5 __ 9/,.6 _ .5 — 1—-(2m+1) _ om
Vab + z v T’ = E <2 1)21: =2 E (2 1)1: .

m=0 m=0
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Note that the constant term (m = 0) reads

2 1/6 :2.1:1
1 6 3

and the series can be written as follows

o0

12 1/6 1 2~/ 1/6
6/ 6 5__ 9/06 _ 5 — “ —2m+2 _ — < —2¢
Vaf +a? = Vaf —a¥ = 3 x22<2m+1)x 3 x22<2€+3)

By introducing t = 272 the non-constant remainder may be shown to tend to zero as we have

2~ U6\ oo 16\,
a7 4 (2£+3)x _Qt;(zuzat

which in absolute value, due to ¢t > 0 and

1/6 \| _|6G-1---(G—(2+3)+1)
2043 1-2-...-(2043)
acquires the following bounds

= = 1/6 > 2t
2t ) < 2t th<2ty t=-"—
Z(% 3) = ;‘(2“3) < ; 1t

where we used the Triangle Inequality and the Geometric Series Formula. Finally, as z — oo,
t =272 — 0" and therefore by the Squeeze Theorem

> 1
lim 2t ( /6 )tfzo.
t—0+ = 2043

In conclusion, we have shown that lim (v/z%+ 2% — V/a6 — 25) = 1/3.
xr—r 00

§—J+1
J

’<1 (j=1,2,3,...

0<

3

r < —.
2

Solution. The curve can be viewed as the graph of the function f(z) = In(sinx) with

3) Calculate the arc length of the curve y = In(sin z),

m|>1

% <z< g Thus its arc length L is given by the following integral

w/2

JIF @R de.

Since the derivative of f(z) = In (sin(z)) is

w/6

1 .. ., cosx
—[sinz] = —,
sinx sinx

f'(z) = [In(sinz)]" =

where we used the Chain Rule and a Basic (Trigonometric) Derivative, the integrand is found

to be
W / cos2 sin?z + cos? 1 1
sm x sin? z Vsin2z sinz’
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Here we used the trigonometric identity sin” x+cos? x = 1 and that sinz > 0if v € [7/6,7/2].
Hence the arc length can be found via Weierstrass' magic substitution u = tan 5, which yields
and dz = du and

sinx = HQ

/2 1 tan(r/4) 1 2 9 tan(w/4) 1
d tu = . 2 du
t

1+2

= xr =

/6 SINT tan(r/12) 2u 1+ u? an(m/12) U

= [Inu]“=Y — In (tan(r/4)) — In (tan(r/12))

u=tan(m/2)
=1In(1) — In (tan(/12)) = —In (tan(r/12)) ~ 1.317.
Here we used that tan(m/4) = 1. The arc length is L = —In (tan(7/12)) ~ 1.317

Remark. We may simplify the answer further by applying the tangent half-angle identity
tan(z/2) = (1 — cosx)/sinx with 2 = 7/6 to find that tan(7/12) = 2 — v/3 and obtain

1 1 2+3
L:—ln(2—\/§):1n<m) :1n<2_\/§.2+\/§> = In(2 + V3).

4) Evaluate the integral f AT cos - dx in terms of the constant A > 0.

Solution. Method #1 (Integration by Parts x 2). We encountered this type of integral before
(as an indefinite integral) and managed to solve it using integration by parts twice in a row. If
we choose u = e~ and dv = cos z dz, then du = —Ae~4* dz and v = sin x and therefore

Az : b —Azx : —Azx s b —Azx s
f e coswdr = lim | e coswdr = lim[e"**sinz]) + A lim sinz dx.
0 b—o0 J0O b—ro0 b—o0 0

The first term on the right-hand side vanishes as sin0 = 0 and 0 < |sinz|e 4% < =47 — ()
as © — oo (cf. Squeeze Theorem). Thus we have

o
fo e cosa:dx—Af A% sin x da.
Integrating by parts again and choosing © = e¢™* and dv = sinzdz this time, we get
du = —Ae 4% dx and v = — cosx and therefore
00 b b
f e Msinzdr = lim | e sinxdr = lim[-e * cosz]) — A lim AT cos v dur.
0 b—o00 J0 b—o00 b—o0 0

The first term on the right-hand side is —(—¢ cos0) = 1 since 0 < |cosz|e 4% < e=4% — ()
as © — oo (Squeeze Theorem). Therefore we obtain

foooe cosxdaz—AJ A sinzdr = A (1—Af cosxdaz)

Solving this equation for the integral in question, we find that

oo A
Io e A% cosx dr = ATH

Method #2 (Using Euler's formula). Expressing the cosine function in terms of complex
exponentials via Euler’s formula yields
eim + efz'm

COST =
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Thus the integral in question can be written as

—Azx _ - (—A+i)z (—A—i)z
fo e cosxd:c—zfo (e +e )dx

and we find that!

|:6(—A+i)a: p(—A=i)z]®

0 1
—Ax .
dr = =1 +
L e COS T ax 1m i i .

b—o0
The right-hand side simply evaluates to

1 1 1 124 A
2\i—A i+A) 2A2+1 A2+1

—Ati)z

since 0 < |e! | = e 4% — 0 as x — oo (Squeeze Theorem). In conclusion, we have

oo A
Io e A% cosx dr = YRR

5) Solve the initial value problem v/'(z) + z y(z) = z, y(0) = 2.
Solution. Method #1 (Separation of variables). By rearranging the equation as 3y’ = (1—y)x,
we notice that it is a separable ODE. Dividing both sides by y — 1 yields

/

y p—
y—1

—X.

Note that the division by y — 1 implicitly ignores the constant function y(z) = 1, which is a
valid solution of the ODE 3’ + xy = x. However, this does not cause a problem as the initial
value y(0) = 2 # 1 discards this solution. By integrating both sides with respect to x, we get

/

Iyzildxzf(—x)dx

which evaluates to

2
Inly—1| = —%+C = ylx)=1+ee "/

Therefore the general solution reads
y(@) =1+ Ae/?,
where A is an arbitrary constant. To find the particular solution, we employ the initial value
2=y(0)=14+A4e "2 =14+A1)=144 = A=1
In summary, the solution of the initial value problem y/(x) + x y(x) = x, y(0) = 2 is

y(z) =1+ /%

1There's some subtlety here as we first need to show that - (e(a+%92) = (g + bi)e(®+*)= which follows
from a term-by-term differentiation of the Taylor series (permitted by absolute convergence).
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Method #2 (Integrating factor). The ODE, being of the form ¢/ + P(z)y = Q(z), is a
linear first-order equation, therefore we may use the integrating factor method. The integrating

factor reads
I(l‘) _ efP(x)dat _ efxdx _ 61‘2/2.

Multiplying both sides of the ODE by I turns the equation into
y'e % 4 y(ze?) = pet’ /2,
Note that the left-hand side is the derivative of ye~*"/2 (by the Product Rule), i.e.
(ye~*/?) = ze® /2,
Integration on both sides with respect to x leads to the following equation

ye /2 = Ixeﬂ/z dz.

By performing the integral on the right-hand side (e.g. via substituting u = x?/2), we find
that
ye—a:/Z _ ea:2/2+A

and therefore the general solution is found
y(@) =1+ Ae/?,
where A is an arbitrary constant. To find the particular solution, we employ the initial value
2=y(0)=1+A4e "2 =14+A1)=1+4 = A=1
In summary, the solution of the initial value problem y/(z) + zy(z) = x, y(0) =2 is

y(z) =1+ e /2

Method #3 (Variation of constant). The ODE, being of the form ¢’ + P(x)y = Q(x), is
a linear first-order equation, therefore we may use the variation of constant method. We first
solve the homogeneous equation (which is a separable ODE)

yy, + xyn = 0,
We find the general solution of the homogeneous equation to be
yu(z) = eJ D = O P2

The solution of the non-homogeneous equation is obtained by varying the parameter A, that

is looking for y in the form
y(z) = A(z)e 72,

Plugging this back into the original ODE, we find that
A@)e™P =z = A@)=z""7? = A@)= fxemQ/z do = e"/? 4+ C.
Therefore the general solution reads
y(z) =1+ Ce /2,
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where A is an arbitrary constant. To find the particular solution, we employ the initial value
2=y(0)=1+Ce "2 =14+C1)=1+C = C=1
In summary, the solution of the initial value problem v/(z) + zy(z) = x, y(0) =2 is

y(z) =1+ /%

6) Solve the following initial value problem
y'(x) + 6/ (x) +9y(x) =0, y(0)=1, ¢'(0)=1
Solution. The auxiliary equation for the above ODE can be written as
r? +6r+9=0.

This quadratic has repeated real roots, namely

—6+V6Z—4-9

—3.
2

T2 =

This means resonance, therefore the general solution of the differential equation takes the

following form

y(r) = (c1 + cox)e ™.

To find the values of the constants ¢;, c2 we need to compute the derivative of y(z):
Y () = [ca — 3(c1 + cax)]e™™

Therefore we have
1=9y(0)=¢

and
1=90)=c—3c1=co—3

These imply that ¢; = 1,¢c5 = 4. In conclusion, the solution of the initial value problem
y'+6y +9y=0,y0)=1, y(0)=11is

y(z) = (1 + 4x)e ™.
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